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1.
$A\subset E\mathrm{x}E$ , $r>0$ $A$
. $\mathrm{O}\in Au$ $u\in E$
. : $x_{0}=x\in E$ ,
$x_{n+1}=\sqrt t_{\mathfrak{n}}x_{n}$ , $n=0,1,2,$ $\ldots$ . (1)
$\{r_{n}\}$ . (1)
([17, 18, 23] ) Kamimura and Takahashi $[12, 13]$
Mann’s type [16] Halpern’s type [91 , m-
.
$T$ Banach $C$ $C$ . $u$ $C$
, $t$ $0<t<1$ . $x\in C$
$T_{t}x=tu+(1-t)Tx$
$C$ – $x_{t}$ . Browder [6] Hilbert
, t-\rightarrow 0 {xt} T Takahahi
and Ueda [28] Browder [6] $\{x_{t}\}$ Banach
. – – G\^ateaux Banach
, $karrow\infty$ $x_{k}$ $T$ ([20]
):
$x_{k}= \frac{1}{k}x+(1-\frac{1}{k})Tx_{k}$ , $k=1,2,3,$ $\ldots$ . (2)
$x$ $C$ . - , Xu and Ori [$29|$ , $T_{2},$ $\ldots$ ,
(implicit iterative process) : $x=x_{0}\in C$ ,
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})T_{n}x_{n}$ , $n=1,2,$ $\ldots$ . (3)
$\{\alpha_{n}\}$ $0<\alpha_{n}<1$ , $T_{n}=T_{n+r}$ Xu and
Ori [29] (3) Hilbert Liu [15]
(3) , Banach , $T_{1},$ $T_{2},$ $\ldots,$ $T_{r}$
semicompact
([1, 2, 5, 3, 10, 11, 24, 30] ).
, [12, 13, 29] , Banach
implicit iterative process , Opial Btach
m . ,




, $E$ Banach , $E^{*}$ $E$ , $\langle y, x^{*}\rangle$ $x^{*}\in$
$E^{*}$ $y\in E$ . $x_{n}arrow x$ $\{x_{n}\}$ $x$ ,
$\lim_{narrow\infty}x_{n}=x$ $x_{n}$ $x$ . $x_{n}arrow x$ $\{x_{n}\}$ $x$
, $\mathrm{w}-\lim_{narrow\infty}x_{n}=x$ $x_{n}$ $x$ . $B_{r}$
$\{x\in E:||x||\leq r\}$ . $\mathbb{R}$ $\mathbb{R}^{+}$ , ,
. $\mathrm{N}$ .
$C$ Banach $E$ . $C$ $C$ $T$
$x,$ $y\in C$
$||Tx-Ty||\leq||x-y||$
, $F(T)$ $\{x\in C:x=Tx\}$ . $I$ $E$
. $E$ $E^{*}$ :
$J(x)=\{y^{*}\in E^{*}:\langle x, y^{*}\rangle=||x||^{2}=||y^{*}||^{2}\}$ , $x\in E$ .
Banach $E$ $||x||=||y||=1,$ $x\neq y$ $x,$ $y\in E$
$||x+y||/2<1$ . Banach $E$ ,
$x,$ $y\in E,$ $\lambda\in(\mathit{0},1)$ $||x||=||y||=||(1-\lambda)x+\lambda y||$ , $x=y$
. Btach $E$ – , $\epsilon>\mathit{0}$ $\delta>\mathit{0}$
, $||x-y||\geq\epsilon$ $x,$ $y\in B_{1}$ $||x+y||/2\leq 1-\delta$ . –
Banach , ([25] ).
Banach $E$ Opial , $\mathrm{w}-\lim_{narrow\infty}x_{n}=x$ $E$ $\{x_{n}\}$
$X\in C$
$\varliminf_{narrow\infty}||x_{n}-x||<\varliminf_{narrow\infty}||x_{n}-y||$
$y\neq x$ $y\in C$ ([19] ). Banach




$y\neq x$ $y\in C$ ([4] ).
, $E$ Opial . Hilbert
Opial , $1<p<\infty$ $p$ Opial ( $[14, 19]$
). $P\neq 2$ If Opial , Banach
Opial ([8, 19] ).
A $\subset E\cross E$ $D(A)=\{z\in E:Az\neq\emptyset\}$ , $R(A)=\cup\{Az$ :
$z\in D(A)\}$ . $x_{1},$ $x_{2}\in D(A),$ $y_{1}\in Ax_{1},y_{2}\in Ax_{2}$ $\langle y_{1}-y_{2},j\rangle\geq 0$
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$i\in J(x_{1}-x_{2})$ , $A$ . $A$
$||x_{1}-x_{2}||\leq||x_{1}-x_{2}+r(y_{1}-y_{2})||$
$x_{i}\in D(A),$ $y_{i}\in Ax_{i},$ $i=1,2$ $\gamma>0$ . $A$
$r>0$ $R(I+rA)=E$ , $A$ m-
. $A$ , $r>0$ –
: $R(I+rA)arrow D(A)$ $=(I+rA)^{-1}$ , $A$ .
(I– )/r $A_{r}$ . $x\in R(I+rA)$ Af\in A x
. $\mathrm{m}$- $A$ $A^{-1}\mathit{0}=F(\sqrt’)$ $r>0$
. Hilbert $A$ m- $A$
([25, 26, 27] ).
, $E$ Banach , $A\subset E\cross E$ m-
, $J_{r}$ $A$ .
3.
$\{x_{n}\}$ ,
([29] ): $x_{0}=x\in E$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})J_{\mathrm{r}_{\hslash}}x_{n}$ (4)
$n\in \mathrm{N}$ . $\{\alpha_{n}\}$
$n\in \mathrm{N}$ $0<\alpha_{n}<1$ , $\{r_{n}\}$ .
, .
Lemma 3.1 ([3]). $x_{0}=x\in E$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})J_{r_{\mathfrak{n}}}x_{n}$
n\in N E . {\alpha n} n\in N
$\mathit{0}<\alpha_{n}<1$ , $\{r_{n}\}$ . $A^{-1}\neq\emptyset$ .
$w\in A^{-1}\mathit{0}$ $||x_{n+1}-w||\leq||x_{n}-w||$ , $\lim_{narrow\infty}||x_{n}-w||$ .
Theorem 34 .
Lemma 3.2 ([3]). $E$ Opial Banach , $C$ $E$
. $A$ $D(A)\subset C$ $\mathrm{m}$- . $x_{0}=x\in C$
, $\{x_{n}\}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})J_{r_{\mathfrak{n}}}x_{n}$
n\in N C . {\alpha n}
$n\in \mathrm{N}$ $\mathit{0}<\alpha_{n}<1$ , $\lim_{narrow\infty}\alpha_{n}=\mathit{0}$ .




Lemma 3.3 ([3]). $E$ – Banach . $x_{0}=x\in E$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})\sqrt r_{n}x_{n}$
$n\in N$ . $\{\alpha_{n}\}$
$n\in \mathrm{N}$ $0<\alpha_{n}<1$ , n\rightarrow \infty \infty $\alpha_{n}<1$ .
$\{\gamma_{n}\}$ $\underline{\mathrm{l}\mathrm{i}\mathrm{m}}_{narrow\infty}r_{n}>0$ . , $A^{-1}\neq\emptyset$ , $\{x_{n}\}$
$A^{-1}0$ .
Lemma 3.2 Opial Banach
.
Theorem 3.4 ([3]). $E$ Opial Banach , $C$ $E$
. $A$ $D(A)\subset C$ $\mathrm{m}$- . $x_{0}=x\in C$
, $\{x_{n}\}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})\sqrt r_{n}x_{n}$
n\in N . {\alpha \sim
$n\in N$ $0<\alpha_{n}<1$ , $\lim_{narrow\infty}\alpha_{n}=\mathit{0}$ . $\{r_{n}\}$
$\text{ }\varliminf_{-}r_{n}narrow\infty>0$ . , $A^{-1}\neq\emptyset$ , $\{x_{n}\}$ $A^{-1}\mathit{0}$
.
Lemma 33 – Opial Banach
.
Theorem 3.5 ([3]). $E$ – Opial Banach , $x_{0}=x\in E$
, $\{x_{n}\}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})\sqrt r_{n}x_{n}$
n\in N . {\alpha n}
$n\in \mathrm{N}$ $\mathit{0}<\alpha_{n}<1$ , $\text{ ^{}\nu}\supset\overline{\mathrm{l}\mathrm{i}\mathrm{m}}_{narrow\infty}\alpha_{n}<1$ . $\{r_{n}\}$




Theorem 4.1 ([3]). $C$ Banach $E$ . $A$
$D(A)\subset C$ $\mathrm{m}$- . $x_{0}=x\in C$ , $\{x_{n}\}$
$x_{n}=\alpha_{n}x_{n-1,-}+(1-\alpha_{n})J_{r_{n}}x_{n}$
n\in N . {\alpha \sim
$n\in N$ $\mathit{0}<\alpha_{n}<1$ , $\lim_{narrow\infty}\alpha_{n}=\mathit{0}$ . $\{r_{n}\}$




Theorem 4.2 ([3]). $E$ – Banach . $x_{0}=x\in E$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})J_{r_{n}}x_{n}$
n\in N . {\alpha n}
$n\in N$ $\mathit{0}<\alpha_{n}<1$ , $\{r_{n}\}$ . $A^{-1}\neq\emptyset$
. $P$ $E$ $A^{-1}0$ . $\{Px_{n}\}$
$\lim_{narrow\infty}||x_{n}-z_{0}||=\inf\{\lim_{narrow\infty}||x_{n}-w|| : w\in A^{-1}0\}$ .
$A^{-1}\mathit{0}$ – $z_{0}$ .
Remark 4.3. $D$ – Banach , $P$ $E$ $D$
. $\{y_{n}\}$ $E$ , $w\in D$ $\{||y_{n}-w||\}$
. $\{Py_{n}\}$
$\lim_{n}||y_{n}-z||=\inf\{\lim_{n}||y_{n}-w|| : w\in D\}$
$D$ – $z$ .
Theorems 3.5,4.2 .
Theorem 4.4 ([3]). $H$ Hilbert , $A$ . $x_{0}=x\in H$
, $\{x_{n}\}$
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})\sqrt r_{n}x_{n}$
$n\in N$ . $\{\alpha_{n}\}$ $\{r_{n}\}$
Theorem 3.5 . $A^{-1}\neq\emptyset$ , $P$ $H$ $A^{-1}\mathit{0}$
. $\{x_{n}\}$ $v\in A^{-1}\mathit{0}$ , $v$ $v= \lim_{narrow\infty}Px_{n}$ .
5.
, ([25] ). ,
$H$ Hilbert .
. $X$ Hilbert $H$ .
$T$ $X$ $H$ – . VI(X, $T$) {$w\in X$ : $\langle w-u, Tw\rangle\geq$
$0,\forall u\in X\}$ . – $T$ $X$ $H$
$T$ hemicontinuous . $F$ $X$
$H$ – hemicontinuous . $N_{X}z$ $z\in X$ $X$
normal cone, ,




$z\in Xz\not\in H’\backslash X$
, A ([22, Theorem 3] ). $\mathrm{O}\in Av$
$v\in VI(X, F)$ ,
56
$\gamma>\mathit{0}$ $x\in H$ x $=VI(X$, Fr .
$z\in H$ $F_{r,x}z=Fz+(z-x)/\gamma$ ([25] ). ,
.
Corollary 5.1. $X$ Hilbert $H$ . $F$ $X$ $H$
– hemicontinuous . $D(A)\subset C$ . $\{\alpha_{n}\}$
$\{r_{n}\}$ Theorem 3.5 . $x_{0}=x\in X$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})VI(X, F_{r_{\hslash},x_{\hslash}})$
$n\in \mathrm{N}$ . , $VI(x, F)\neq\emptyset$ ,
$P$ $H$ VI(X, $F$) , $\{x_{n}\}$ $v\in VI(X, F)$
. $v= \lim_{narrow\infty}Px_{n}$ .
Corollary 5.2. $X$ Hilbert $H$ . $F$ $X$
$H$ – hemicontinuous . $D(A)\subset C$ .
$\{\alpha_{n}\}$ $\{r_{n}\}$ Theorem 4.1 . $x_{0}=x\in X$ , {x
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})VI(X, F_{\mathrm{r}_{n},x_{n}})$
$n\in N$ . , $VI(x, F)\neq\emptyset$
, $\{x_{n}\}$ $v\in VI(X, F)$ .
REFERENCES
[1] S. Atsushibs, Strong convefgence theorems for finite $non\alpha\varphi ansive$ mappings, Comm. Appl. Non-
linear Anal. 9 (2002), 57-68.
[2] S. Atsushiba, Stmng convergence theooems for finite $none\varphi ansive$ mappings in Banach spaoes,
Proceedings of the Third International Conference on Nonlinear Analysis and Convex ialysis
(W. Takahashi and T.Tanaka Eds.), pp.9-16, Yokohama Publishers, Yokohama, 204.
[3] S. Atsushiba, Approximating zero points of accretive opemtors by an implicit $itera\hslash ve$ sequenoes,
to appear.
[4] S. Atsushiba and W. Takahashi, Nonlinear ergodic theorems in a Banach space satisMng Opials’s
condition, Tokyo J. Math. 21 (1998), 61-81.
[5] S. Atsushiba and W. Takahashi, Weak and strong convergenoe theorems for nonexpansive semi-
groups in Banach spaces, Fix\’e Point Theory and Applicatioo 2005 (2005), 343-354.
[6] F. E. Browder, Convefgence of appmximants to fixed points of $non- e\varphi ansive$ non-linear mappings
in Banach spaces, Arch. Rational. Mech. Anal. 24 (1967) 82-90.
[7] F. E. Browder, Nonlineaf opemtors and nonlinear equations of evolution in Banach spaoes, Proc.
Sympos. Pure Math. 18, Amer. Math. Soc. Providence, Rhode Island, 1976.
[8] D. Van Dulst, Equivalent noms and the fixed point pmpeny for nonexpansive mappings, J.
London. Math. Soc. 25 (1982), 139-144.
[9] B. Halpern, Fixed points of nonexpansive mappings, Bull. Amer. Math. Soc., 73 (1967), 957-961.
[10] S. Ishibwa, Common fixed points and iteration of commuting $none\alpha pansive$ mappings, Pacific J.
Math. 80 (1979), 49&-501.
[11] M. Kikkawa and W. Takahashi, Weak and strong convefyenoe of an implicit $item\hslash ve$ pmoess
for A countable family of nonexpansive mappings in Banach spaces, Ann. Univ. Mariae Curie-
Sklodowska Sect.A 58 (7) (2004), 69-78.
57
[12] S. Kamimura and W. Takahashi, Approximating solution ofmaximal monotone operatos in Hilbert
spaces, J. Approx. Theory 106 (2000), 226-240.
[13] S. Kamimura and W. Takahashi, Weak and strong convergence of solutions to accretive operator
inclusions and applications, Set-Valued Anal. 8 (2000), 361-374.
[14] J. P. Gossez and E. Lami Dozo, Some geometric properties related to the fixed point theory for
$none\varphi ansive$ mappings, Pacific. J. Math. 40 (1972), 565-573.
[15] J.A. Liu, Some convergence theorems of implicit iterative process for nonexpansive mappings in
Banach spaces, Math. Commun. 7 (2002), 113-118.
[16] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math.Soc. 4 (1953), 506-510.
[17] B. Martinet, Regularisation d’inequations variationnelles par appronimations successive, Rev.
Franc. Inform. Rech. Op&r. 4 (1970), 154-159.
[18] B. Martinet, Deterrmination appochee D’un point fixe d’une application pseudo-contractante. Cas
de l’application prvx, C.R. Acad. Sci. Paris. Ser. A-B 274 (1972), A163-165.
[19] Z. Opial, Weak convergence of the sequence of successive apptonimations for noneapansive map-
pings, Bull. Amer. Math. Soc. 73 (1967), 591-597.
[20] S. Reich, Strong convergence theorems for resolvents of accretive $ope$rators in Banach spaces, J.
Math. Anal. Appl., 75 (1980), 287-292.
[21] R.T. Rockafellar, Chamcte ization of the subdifferentials of convex functions, Pacific J. Math.,
17 (1966), 497-510.
[22] R.T. Rockafellar, On the masimality of sums of nonlinear monotome opemtofs, Trans. Amer.
Math. Sor.,149 (1970), 75-88.
[23] R.T. Rockafellar, Monotome operators and the prosimal point algorithm,, SIAM J.Control Op-
tim.,14 (1976), 877-898.
[24] Z.H.Sun, C.He and Y.Q.Ni, Strvng converg ence of an implicit iteration pmoess for $none\varphi ansive$
mappings, Nonlinear IFUnct. Anal. Appl. 8 (2003), 595-602.
[25] W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000.
[$26|$ W. $\mathrm{I}\mathrm{b}[] \mathrm{a}\mathrm{h}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}$, , Yokohama $\mathrm{P}\mathrm{u}\mathrm{b}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{e}\mathrm{r}8$ , Yokohama, 2000.
[$27|$ W. Tabhashi, , Yokohama Publishers, Yokohama, 2005.
[28] W. Takahashi and Y. Ueda, On Reich $\prime s$ strong convergence theorems for resolvents of accretive
operators, J. Math. Anal. Appl., 104 (1984), 546-553.
[29] H. K. Xu and R.G.Ori, An implicit iteration process for $none\eta’ ansive$ mappings, Numer. Funct.
Anal. Optim. 22 (2001), 767-773.
[30] Y.Zhou and S.S. Chang, Convergence of implicit iteration process for a finite family of asymptot-
ically nonexpansive mappings in Banach spaces, Numer. Funct. Anal. Optim. 23 (2002), 911-921.
58
